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g : ABSTRACT 

It is argued that D = 10 type II strings and M-theory in D = 11 have D — 5 



branes and 9-branes that are not standard p-branes coupled to anti-symmetric 
tensors. The global charges in a .D- dimensional theory of gravity consist of a 



momentum Pm and a dual D — 5 form charge Kmi...Md-$i which is related to the 
NUT charge. On dimensional reduction, P gives the electric charge and K the 
magnetic charge of the graviphoton. The charge K is constructed and shown to 
occur in the superalgebra and BPS bounds in D > 5, and leads to a NUT-charge 
modification of the BPS bound in D = 4. is carried by Kaluza-Klein monopoles, 
which can be regarded as D — 5 branes. Supersymmetry and U-duality imply that 
the type IIB theory has (p, q) 9-branes. Orientifolding with 32 (0,1) 9-branes 
gives the type I string, while modding out by a related discrete symmetry with 
32 (1,0) 9-branes gives the 5*0(32) heterotic string. Symmetry enhancement, the 
effective world-volume theories and the possibility of a twelve dimensional origin 
are discussed. 



1. Introduction 



BPS states have played a vital role in the unravelling of the non-perturbative 
structure of superstring theory and M-theory [1-13]. As these break some fraction 
of the supersymmetry, they carry some charge that appears on the right hand side 
of the global supersymmetry algebra. The standard example of such a charge is 
the electric or magnetic charge for some n-form anti-symmetric tensor gauge field. 
This can be a central charge, as in the case of the electric charge for a vector gauge 
field, but in general it is a p-form charge, and the standard example of a BPS state 
carrying a p-form charge is a p-brane - an extended object whose world- volume is 
a p + 1 dimensional space of Lorentzian signature. For an n-form anti-symmetric 
tensor gauge field in D dimensions, the electric charge is carried by a p-brane with 
p = n — 1, while the magnetic charge is is carried by a p-brane with p = D — n — 3. 

The purpose of this paper is to re-examine the spectrum of BPS branes in string 
theory and M-theory. In section 2, the charges that occur in the corresponding 
supersymmetry algebras are studied. In addition to the expected p-brane charges, 
there is an extra D — 5 form charge K in D dimensions, and an extra 9-form charge 
for the type IIB theory and for type IIA or M-theory. 

The D — 5 form charge is carried by Kaluza-Klein (KK) monopole space-times 
[14]. For example, the Kaluza-Klein monopole space-time N4 x IR^" 5,1 , where A4 
is Euclidean Taub-NUT space, can be thought of as a D — 5 brane and carries 
a D — 5 form charge proportional to the volume form of R' 0-5 . On dimensional 
reduction to D — 1 dimensions, the KK monopole gives rise to magnetic charge of 
the graviphoton, which in D — 1 dimensions is a (D — 1) — 4 form charge Zjj^. On 
reduction, the D — 5 form Kjj_^ gives the magnetic charge Zd_§ and the .fT-charge 
for D — 1 dimensions, which is a (D — 1) — 5 form charge. 

Thus in D dimensions, gravity has two global charges, the ADM momentum 
Pm and the new charge Km 1 ...m d ^> which are 'dual' in the same way that electric 
and magnetic charges are dual in Maxwell theory. Indeed, on dimensional reduc- 
tion, Pm gives the electric charges and i^Mi...M D _ 5 gives the magnetic charges of 
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the graviphotons. Kaluza-Klein monopole space-times N4 x IR & ' can b e thought 
of as D — 5 branes occurring in the purely gravitational sector of the theory; this 
was suggested in [2], where it was shown that the spectrum of compactified string 
theories included BPS states arising from wrapping such D — 5 branes. In section 
3, the charge KM lm ..M D -B is constructed explicitly and is shown to occur in super- 
algebras evaluated in suitable backgrounds. The K-charge is related to the NUT 
charge, and the supersymmetry-motivated formula for K gives a new expression 
for the NUT charge, which can be used to prove the generalisation of the gravi- 
tational Bolgomolnyi bound [15] due to NUT charge; this is done in section 4. In 
section 5, the charge K is calculated for certain examples. The interpretation of 
iV 4 x IR ' as a D — 5 brane would suggest that its collective coordinates should 
form aD-4 dimensional supermultiplet including 4 scalars, corresponding to the 
position of the brane in JV4. However, no such multiplet exists in e.g. 7 dimensions 
(corresponding to D — 11). This problem is addressed and resolved in section 8, 
where the collective coordinate structure is found. There is a sense in which the 
KK monopole can be regarded as a 'twisted' D — 4 brane [2], and the number of 
translational zero modes is that appropriate for a D — 4 brane. 

The configurations that preserve half the supersymmetry include pp-wave con- 
figurations in addition to the p-branes and KK monopoles. On compactification, 
the set of all BPS states in the compactified theory includes p-branes and KK 
monopoles wrapped around internal dimensions, together with pp-waves moving 
in the compactifying space [2] . These are all on an equal footing in the compactified 
theory, and related by U-duality [2]; in particular, pp-waves in an internal direction 
are related to fundamental strings by T-duality [16]. There is then a sense in which 
pp-waves are a type of string, so that pp-waves and KK monopoles can be thought 
of as gravitational branes, or 'G-branes'. The pp-waves carry the charge P and 
KK monopoles carry the dual charge K, and on compactification these G-branes 
are U-dual to p-branes which couple to anti-symmetric tensor gauge fields [2]. 

The type IIB theory has j9-branes for p = 1,3,5,7,9 and in particular has a 
Dirichlet 9-brane, which gives rise to Chan-Paton factors for open strings. The 
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IIB superalgebra implies that the p-form charges carried by p-branes are singlets 
under the SL(2, Z) duality symmetry for p = 3, 7 and are doublets for p — 1,5, 9. 
For p — 1,5, this is in accord with the existence of (p, q) strings and (p, q) 5-branes 
[25] , with charge p with respect to the NS-NS (Neveu-Schwarz Neveu-Schwarz) 2- 
form and charge q with respect to the RR (Ramond-Ramond) 2-form. The algebra 
suggests that there should also be (p, q) 9-branes. Indeed, acting on the Dirichlet 
9-brane with SL(2, Z) must either leave the brane invariant, or give a new 9-brane, 
and the superalgebra implies that the 9-brane charge must transform, so that the 
action of SX(2, Z) on the Dirichlet 9-brane generates (p, q) 9-branes. 

Of course, this is rather formal as it is not consistent to have Dirichlet 9- 
branes in general backgrounds. However, orientifolding the type IIB string to give 
the type I string [12], i.e. modding out the by the perturbative Z2 world-sheet 
parity reversal symmetry Q, requires the presence of 32 Dirichlet 9-branes, which 
give rise to £0(32) Chan-Paton factors [13]. This suggests that the new 9-branes 
might play a role in similar constructions. This is addressed in section 6, where it 
is shown that there must be a non-perturbative Z2 symmetry fl such that modding 
out by in the presence of 32 (1,0) 9-branes gives the 5*0(32) heterotic string. 
The strong-weak coupling duality of type IIB interchanges the (0, 1) 9-branes with 
the (1, 0) 9-branes and Q with Q, so that this is consistent with the duality between 
type I and SO(32) heterotic strings [4,10-13]. The new (1, 0) 9-branes are essential 
for the construction and there are analogous constructions using (p, q) 9-branes. 

In section 7, it is argued using T-duality that the presence of a new (1,0) 9-brane 
in type IIB theory implies the existence of a new 9-brane in the IIA theory, which 
should originate from a 9-brane in M-theory; in section 2, it is shown that such 
9-form charges can indeed occur in the relevant superalgebras. The possibility of 
a 9-brane in M-theory has also been discussed in [24,54]. In section 8, the effective 
world- volume theories describing the collective coordinates for all branes, including 
G-branes, are found, with supersymmetry implying that the KK monopole has less 
translational zero-modes than might have been expected naively. All M-theory 
charges could naturally arise from a 2-form, a self-dual 6- form and a 10-form charge 
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in 12 dimensions, but there is no way the effective world- volume theories of all M- 
branes can arise from covariant dynamics of branes in twelve dimensions. In section 
9, the gauge symmetry enhancement from coincident G-branes is discussed. 

With these 'new branes' included, all the charges that can occur on the right 
hand side of the superalgebra in fact do occur, and are needed to get the right 
counting on compactification, where the new branes give rise to branes related to 
known ones by U-duality. 

2. Superalgebras and Brane Charges 

The most general super-Poincare algebra in D dimensions includes some anti- 
symmetric tensor charges in the anti-commutator of two supercharges, and these 
commute with all generators except the Lorentz generators. The anti-commutator 
of two supercharges gives* a symmetric bi-spinor Z a p defined by {Q a , Qp} = Z a p, 
and Z a f3 can be rewritten as a sum of terms, each of which is of the form 
Zmn...q(F MN '"®C) aj3 for some set of p-form charges Zm x ...m v - The values of p 
which occur will depend on the dimension considered, but for a conventional su- 
peralgebra will include a 1-form corresponding to the space-time momentum Pm- 
For a theory with N supercharges Q a with a = 1, N, the extended superalgebra 
includes the anti-commutator {Q a a , Q h p } = Zf p + Zf p where Zfy = Z^ = Zf a 
and 2% = -2% = -Zf a . 

In D — 11 the N — 1 superalgebra has one 32-component Majorana super- 
charge Q a and these satisfy the anti-commutation relations [17,5] 

{Qa,Qp} = {T M C) ap P M + ^{T MN C) ap Z MN + ^(T MNPQR C) ap Zmnpqr ■ 

(2.1) 

The left-hand side is symmetric in its spinor indices and so has 32.33/2 = 528 
components in general. Anti-symmetric tensor charges are included on the right- 
hand-side to give a total of 11+55+462 = 528 components. Dimensionally reducing 



★ The notation and conventions are as in [5]. The vector indices are M = 0, . . . D — 1 and the 
spinor indices are a, (3. The charge conjugation matrix is C a p and r MAr - p = Y^ M T N . . . T p l . 
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to D = 10 gives the IIA algebra, with the anti-commutator of two Majorana 
supercharges being 

{Q a , Qp} ={T M C) ap P M + (TnC) a pZ + (T M T u C) a/3 Z M + ^{Y MN C) ap Z M N 

+ l ] {r MNPQ FllC) ap ZMNPQ + ^{T MNPQR C) ap Z M NPQR ■ 

(2.2) 

The IIB supersymmetry algebra has two Majorana- Weyl supercharges, Q%, 
(a=l,2), of the same chirality with 

{Q a a , Q b p} = 5 a \VY M C) ap P M + (VT M C) ap Z§ + ±e ab (VT MNP C) ap Z MNP 
+ y ab{vT MNPQR c) ^ {z+)MNpQR 

+ ^ {vT MNP Q R c) ^ z+)t[NpQR 

(2.3) 

where Z^ and (Z + )m NP q R are 2x2 traceless symmetric matrices in a, b, S^Z^ = 
and S ab (Z + )^ NPQR = 0, and V = \(l + T 11 ) is the chiral projector. All three 
of the 5-form charges (Z + )mnpqr, (Z + )mnpqr are self-dual 5-forms, *Z + = Z + . 
The total number of components of all charges on the RHS of (2.3) is 10 + 2 x 10 + 
120 + 126 + 2 x 126 = 528, which again balances the number of components on the 
LHS. 

The Pm on the RHS of (2.1)-(2.3) is the D-momentum while some of the p-form 
charges Zm x ...m v are carried by p-branes. An n + 1-form field strength Fmi...m„+i 
satisfies the field equations 

V N (*F) NMl ~ M » = J M - M - (2.4) 

and 

V N {*F) NMl - M * = J M ^- M * (2.5) 
where n = D — n — 2, and F is given by varying the action S with respect to F: 

pMi...Mft+i _ 1 M 1 ...M ii+1 N l ...N n+1 ^ _ p Mi...M s+ i , / 9 a\ 

-(n + l)l £ SF Nl ... Nn+1 - + - (2 ' 6) 
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so that F = *F + . . . where *F is the Hodge dual, and the dots denote terms 
dependent on the interactions; for the free theory, F = *F. The currents J, J 
satisfy the conservation laws 

V Ml J Ml - Mn = 0, V m J Mi - Ma = (2.7) 

In regions in which the magnetic source J vanishes, F can be written in terms of 
an n-form potential A, F — dA, while in regions in which the electric source J 
vanishes, F can be written in terms of a n-form potential A, F — dA. 

An electric p-brane source couples to a n = p + 1 form potential A through the 
Wess-Zumino term* 

J d n aA Ml ... Mn e m ^ m "d mi X M ^ . ..d mn X M " (2.8) 

where a m are world- volume coordinates, m — 1, . . . , n — p + 1, and X M (a) is the 
position of the brane. This then leads to an n-form current density 

J Ml - M "(X) = J d n ae mi - mn d mi X Ml . ..d mn X M "5(X M - X M (a)) (2.9) 

A magnetic p = h — 1 brane source couples to A and leads to a similar formula for 
J, with n replaced by n. A static configuration carries an electric charge density 
Zix...i v = Joh...i p and a magnetic charge density z ix „ Af = J 0il . m .i P where n = p + 1, 
n = p + 1 and i,j = 1, ... D — 1 are spatial indices. These charge densities give 
rise to total charges Zi lmmm i , Z^. ^. which are again anti-symmetric tensors carrying 
purely spatial indices. 

These 5-function sources can often be replaced by solitonic p-brane solutions 
of the theory [18-24]. A spatial slice of a p-brane configuration has an asymptotic 
'boundary' at spatial infinity given by W x S D ~ P ~ 2 for an infinite brane, or by 

* The alternating symbol e M i - M s+i j s a tensor density while e M i--- M s+i j s a tensor. 
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W~ q x T q x S D ~ P ~ 2 if the p-brane is wrapped around q toroidal dimensions. The 
charge of an electric p-brane coupled to a n = p + 1 form potential A and aligned 
in the directions given by the spatial p-form v is given by 

Z.v = W.. ip v^ = J- [ F (2.10) 

where the integral is over the n + 1 sphere at transverse spatial infinity surrounding 
the brane and Qd is the area of the unit ci-sphere. Similarly, the charge of a magnetic 
p-brane coupled to an n-form potential A with h = D — n — 2 = p + lis 



Z.t; = ^Z il ... ip t; <1 -* P = 7T- / F ( 2 ' U ) 

'71+1 J 



S n+1 



where the integral is over the n + 1 sphere at transverse spatial infinity surrounding 
the brane. 

A p-brane carries a p-form charge ^...j with purely spatial indices. The spatial 
components of the Zm 1 ..m p appearing in the algebras (2.1)-(2.3) can arise as p- 
brane charges, but this leaves the question of the interpretation of the components 
Zo^.^iq- These can be dualised to a spatial g-form charge Z^...^ given by the spatial 
components of *Z, 

Z h-h = (g + 1 y £ ji-j q 0ii-i q Z ° H "' tq ( 2 - 12 ) 

which could arise as a § = D - g — 1 brane charge, and this is the most natural 
interpretation of the charge Zq^^^J We can now compare this with the expected 
p-brane spectrum for M-theory and type II strings. 

Consider first D — 11; M-theory has a membrane and a 5-brane coupling to 
the 3-form gauge field. The algebra (2.1) has a 2- form Zmn charge which gives a 2- 
brane charge Z\j and a 9-brane charge Z^.. ^, and a 5-form charge Zmnpqr, which 



t This interpretation has been suggested independently by Paul Townsend. 
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gives a 5-brane charge ZijM m and a 6-brane charge Z^___i & . Thus the superalgebra 
has charges that could correspond to an extra 6-brane and an extra 9-brane, so 
that the question arises as to whether these actually occur and, if so, what is their 
interpretation. 

For the type IIA theory, the expected branes are a string and a 5-brane, to- 
gether with D-branes for p = 0,2,4,6,8. The central charge Z in (2.2) is the 
0-brane charge, the 4-form charge Zmnpq gives a 4-brane charge Z^i and a 6- 
brane charge Zijkimn, while the 2-form charge Zmn gives a 2-brane charge Z\j 
and an 8-brane charge Zijki mnpq . The 5-form charge Zmnpqr gives two 5-brane 
charges, Zij^i m and ^jfe/ m , while the 1-form charge Zm gives a string charge Z\ 
and a 9-brane charge Z^_ ^. Comparing with the expected brane scan, we are 
finding charges that could correspond to an extra 5-brane and an extra 9-brane. 

Finally, for the type IIB string, the expected branes are a string and a 5-brane, 
together with D-branes for p = 1, 3, 5, 7, 9 carrying Ramond-Ramond charge. There 
are also (jp, q) strings carrying NS-NS string charge p and RR string charge q. In 
the quantum theory, q, p are integers and non-trivial bound states occur whenever 
p and q are co-prime [25]. Similarly, there are (p, q) 5-branes, and for both strings 
and 5-branes the 2-vector of charges (p, q) transforms as a doublet under the action 
of SL(2,Z) U-duality transformations. In the algebra (2.3), the the 3-form charge 
Zmnp gives a 3-brane charge Z^ and a 7-brane charge Zij^i mnp . The two 1-form 
charges Z^ give two string charges Zf* and two 9-brane charges Zf b ig . A general 
5-form charge Zmnpqr gives two 5-brane charges, ZyjWm and Zijki m , but for a 
self-dual 5-form charge, these are equal, Z^im = ZijM m . Thus the three self- 
dual 5-form charges (Z + )mnpqr, {Z + )mnpqr &i ye ^ ne charges for 3 five-branes, 

m' 

The SL(2, R) symmetry of the supergravity equations of motion acts through a 
compensating 5*0(2) transformation in symmetric gauge, so that the index a = 1, 2 
on the supercharges undergoes SO (2) rotations. The two charges Zf b are a doublet 
of 5*0(2) and arise from charges which are a doublet of SL{2) (see section 6), and 
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correspond to the charges of (p, q) strings. Similarly, the two charges {Z + )^ klm 
correspond to the charges of (p, q) 5-branes. Similarly, the two 9-brane charges 
Zfb i could correspond to the charges of (p, q) 9-branes. Note that the 3-brane 
and 7-brane charges are singlets under the action of SO (2). This was expected 
for the 3-brane since the 4-form gauge field to which it couples does not transform 
under SL(2,R). The 7-brane couples to the axion which does transform under 
SL(2,M). Acting on the 7-brane solutions of [23] with SX(2,Z) gives a new 7- 
brane with the same 7-brane charge (the coupling to the 8-form potential which 
is dual to the axion is unchanged) but the SL(2, Z) monodromy changes and the 
couplings to other branes also changes [26]. In the IIB algebra, there are thus 
charges for an extra 5-brane and for (p, q) 9-branes. 

We now turn to the interpretation of the extra charges that arise in the above 
cases. We have seen that in D = 10,11 dimensions, there is an extra spatial 
(D — 5)-form charge that does not seem to have an interpretation in terms of 
electric or magnetic p-brane charges - we have already accounted for all of these. 
In the following sections, it will be seen that this (D — 5)-form charge is non-zero for 
Kaluza Klein monopole space-times in which all the ant i- symmetric tensor gauge 
fields vanish. It will be argued that in any theory of gravity in D > 4 dimensions, 
there is, in addition to the ADM momentum Pm, & (D— 5)-form charge -Kmi...m _ 5 - 
This gives rise to the extra 6-brane charge in D = 11 and the extra 5-brane charge 
in both type II theories in D = 10. The algebras also suggest that there should 
be a 9-brane in D = 11 and a 9-brane in both the IIA and IIB theories. These 
extra 9-branes can be formally thought of as coupling to a non-dynamical 10-form 
potential, which could arise as an auxiliary field that is analogous to the 4-form in 
four-dimensional supergravity which couples to 3-branes that was discussed in [27]. 
In the IIB theory, the 10-form to which the Dirichlet 9-brane couples is associated 
with the RR sector, suggesting that the new (1,0) 9-branes in the IIA and IIB 
theory be associated with the NS-NS sector. The D — 1 1 9-brane gives rise to the 
8-brane and the 9-brane of the IIA theory, while the NS-NS and the RR 9-branes 
of the type IIB theory combine to form (p, q) 9-branes, with the SL(2, Z) U-duality 



10 



acting on the (p, q) 9-brane charge lattice. This will be discussed further in section 
6. 

If the D-momentum Pm were treated in the same way as the other charges, 
it would be split into the spatial momentum Pi which is analogous to a 1-brane 
charge, and the energy Pq, which could be dualised to a D — 1 brane charge 
Pi]_...i D -\- The fact that states carrying momentum in compactified dimensions are 
U-dual to states obtained by wrapping branes round the compactified dimensions 
[2] means that for some purposes states carrying the gravitational charge Pm should 
be treated on the same footing as states carrying brane charges. The BPS states 
associated with the charge Pi are pp-waves moving in the i'th dimension with 
momentum Pi and, as discussed in the introduction, these can be regarded as 
strings or branes for some purposes. Indeed, if the i'th dimension is compact, the 
pp-wave with momentum Pi = rii say is T-dual to a string winding around the 
i'th dimension with winding number or string charge Zi = rii [16]. The fact that 
the energy appears to be associated with a D — 1 brane seems natural from a 
12-dimensional perspective, as will be discussed in section 7. 



3. Magnetic Charges in Gravity 

We have seen that the II A, I IB and D — 11 superalgebras have an extra 
(D — 5)-form charge Ki 1 „.i D _ 5 that it would be natural to associate with a D — 5 
brane. On dimensionally reducing, the D — 11 6-form charge gives a 6-form charge 
and a 5-form charge in D = 10. The 6-form charge is the magnetic charge for the 
RR vector field of the type IIA theory, which comes from the g^n components 
of the D — 11 metric (where the reduction is in the x 11 direction). Thus the 
D = 10 6-form charge is the magnetic charge of the graviphoton, which arises from 
Kaluza-Klein monopole solutions of the D = 11 theory [3], so that the new 6-form 
charge in D = 11 should be non-trivial in Kaluza-Klein monopole space-times. 
The standard Kaluza-Klein monopole space-time in D dimensions is x IR 13-5 ' 1 
where N4 is 4-dimensional self-dual Euclidean Taub-NUT space (or its multi-centre 
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generalisation [28]) and R" 0-5 ' 1 is D — 4 dimensional Minkowski space. This is a 
solution of string theory with D = 10 and of M-theory with D — 11, since self- 
dual (multi-)Taub-NUT space is hyperkahler and so is the target space of a (4,4) 
superconformal sigma- model for which the beta-functions vanish [29]. The NUT 
charge [30,31,45] of the Taub-NUT space is related to the magnetic charge of the 
graviphoton on dimensionally reducing [14] , so that we learn that the 6- form charge 
in D = 11 is related to NUT charge. However, the NUT charge is defined for the 4 
dimensional space N4, and can be readily generalised to D > 4 dimensions, while 
the D — 5 form charge K only exists in D > 5 dimensions, so that it cannot be 
precisely the D-dimensional generalisation of NUT charge, although it is closely 
related to this. 

Consider the Kaluza-Klein reduction of gravity from D to D — 1 dimensions. 
The D- dimensional metric qmn gives a metric g^ v , a vector field and a scalar 
in D — 1 dimensions. The D-momentum reduces to the D — 1 momentum P^ 
and the electric charge Q. In D — 1 dimensions, the magnetic charge for a Maxwell 
field An is a (D — 1) — 4 = D — 5 form, which should have a D-dimensional origin. 
Postulating a charge i^i 1 ...j D _ 5 in D dimensions, the reduction to D — 1 dimensions 
then gives a D — 5 form which can be associated with the magnetic charge of 
the graviphoton A^ and a D — 6 form K Tni _ mD fj (where m = 1, D — 2 labels 
the spatial dimensions in D — 1 dimensions) which corresponds to the K-charge 
(D — 1) — 5 form in L> — 1 dimensions. Thus the gravitational charges Pi,K]j^^ 
in D dimensions give the gravitational charges Pi, -f^(_D_i)_5 in D — 1 dimensions, 
together with the electric and magnetic charges Q, Z(£>_i)_4 for the graviphoton 
A\ (where the subscript denotes the degree of the form). 

We now turn to the definition of the gravitational charges P, K. We shall be 
interested in D-dimensional space-times M for which a spacelike slice is bounded 
by a D — 2 dimensional 'surface at infinity', S^_2- For asymptotically flat spaces, 
this is a D — 2 sphere, Sd-2 = S D ~ 2 , while for toroidally wrapped p-brane space- 
times it is £d_2 = T p x S D ~ P ~ 2 . In particular, for a D — 4 brane it is £d_2 = 
T D ~ 4 x S* 2 . For KK monopole space-times, it is a twisted version of these D — 4 
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brane asymptotics, in which one of the toroidal directions is a fibre for a circle 
bundle over S 2 . For a single monopole, this gives the Hopf fibration of S* 3 as 
a circle bundle over S 2 , so that topological^ Y, D _ 2 = T°- 5 x S 3 . The S 3 has 
a squashed metric - as a radial coordinate r — > oo, the size of the Hopf fibres 
tends to a constant while the area of the 2-sphere increases as r 2 . For the s- 
monopole generalisation, the surface at infinity is £_d-2 = T D ~ 5 x E 3 where S3 is 
the (squashed) 3-sphere for s = 1 or a (squashed) Lens space L(s, 1) = S 3 /Z s for 
s > 1. (The Lens space L(s, 1) is defined by regarding S 3 as the points (z,w) in 
C 2 with |^| 2 + \w\ 2 = 1 and identifying (z,w) with (e 27n / s ,2, e 27n / s u>)0 We shall for 
now suppose that S/)_2 is compact, but later we will consider the limit in which 
the torus T p becomes large, so that £d_2 tends to MP x 

$D-p-2. in thig latter 

case 

it will become necessary to define the charge densities per unit p-volume instead 
of the total charges, which become infinite. 

The KK monopole space N4 x T D ~ 5 x R can be thought of as a wrapped D — 5 
brane or as a twisted form of a D — 4 brane, as JV4 (with a set of fixed points or 
NUTs removed) has the structure of a circle bundle over a base E, so that locally 
it has the wrapped D — 4 brane structure E x T D ~ 4 x KL Indeed, as we shall 
see, it has a D — 5 form charge, which is usually associated with aD-5 brane, 
whereas it has the number of translational zero modes appropriate for a D — 4 
brane, as will be seen in section 8. On dimensionally reducing with respect to the 
toroidal directions, the charges in the resulting D—p dimensional space correspond 
to charge densities per unit p- volume. For the KK monopole, the Hopf fibre cannot 
become non-compact without introducing irremovable Dirac string singularties in 
the metric, although the connection and curvature remain well-defined. (It was 
suggested in [31] that such singularities might be acceptable for some purposes, 
and it would be interesting to explore their consequences for string theory.) For 
KK monopoles, one can divide by the length of the Hopf fibre to define densities, 
as for aD-4 brane. 

Suppose that there is an asymptotic region in which the space-time (M,gMN) 
becomes close to a background space-time (M,gMN), with gMN = 9MN + hMN 
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with Jimn asymptotically small. In the case of p-brane space-times, we shall con- 
sider the case in which M is R" D_P_1 ' 1 x T p with a flat metric gMN, with Hmn 
falling off as 0(r ) as r — > oo, where r is a radial coordinate on R^-f- 1 , so 
that for large r, r = constant defines a D — p — 2 sphere of area r D ~ p ~ 2 flo-p-2: 
where Qd-p-2 is the area of the unit D — p — 2 sphere. 

For the KK monopole, the question of boundary conditions is more subtle. 
We can take M = M 4 ' 1 x T D ~ 5 as Taub-NUT is topological^ M 4 , while for the 
multi- monopole configurations M 4 is replaced by M 4 /Z s . (For s > 1, it is sometimes 
convenient to work with the covering space M 4 instead of M 4 /Z s , and factor by Z s at 
the end.) There are two approaches to choosing the background metric gMN- One 
is to fix a topological class of metrics, and consider only metrics within that class. 
The natural choice of background in this case is N4 x T D ~ 5 x ffi. where N4 is self- 
dual Taub-NUT space or the s-centre self-dual generalisation, and to consider the 
class of spaces asymptotic to this, with the boundary surface at space-like infinity 
given by S£)_2 = T D ~ 5 x S 3 /Z s . On dimensional reduction, this corresponds 
to fixing the magnetic charge, and considering only spaces with that magnetic 
charge. In discussing electromagnetism, however, it is more convenient for some 
purposes to allow all possible magnetic charges, even though these correspond to 
topologically distinct U(l) bundles, and compare these to the vacuum which is 
the trivial bundle with zero magnetic charge. Here, this corresponds to allowing 
boundary conditions with £75-2 = T D ~ 5 x /Z s for all values of s, and comparing 
with the flat background metric <jmn of the Kaluza-Klein vacuum T D ~ 4 x M 3 ' 1 , 
with boundary at space-like infinity given by — T D ~ 4 x S 2 . In much of what 

follows, either choice of boundary conditions could be used, and the formulae give 
the difference between the charges P, K of the space-time (M, g) and the charges 
P,K of the background (M,g). However, it will be convenient to present the 
results with respect to the KK vacuum, for which we take P = 0, K = 0. 

Introducing frames ej^ with ef^e^n^B — gMN etc and the corresponding 
torsion- free spin-connection um AB , Nestor's expression for the ADM momentum 
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Pm [32] can be generalised to D- dimensions to give 



P[u] 




1 



/ 



u 



(3.1) 



Here Aup = up — uop is the difference between the connection on M 
and that on M and so is an an asymptotic tensor, so that (3.1) is covariant. The 
vector u is an asymptotic Killing vector, so that as r — > oo, u tends to a Killing 
vector of M. Then P[u] is the conserved charge corresponding to u. If M has 
translational Killing vectors labelled by some index a, then um = Uak a M for 
some functions u a tending to constants u a as r — > oo. Then P[w] can be written 
as P a u a , defining the ADM D-momentum P a = P[k a ]. In the simplest cases in 
which there is asymptotic flatness, the index a can be identified with the index A 
labelling the asymptotic frames (see [33]). This is equivalent to other forms of the 
ADM momentum [32] and is properly the difference between the ADM momentum 
and that of the background. It can be written in form notation as 



where e = ej^dx , Aojab — Aujmab<IX and u = UM_dx . If p toroidal direc- 
tions are Killing, so that Sj)_2 — ^D-p-2 x T p , then the momentum is proportional 
to the volume V p of the T p , 



defining the density P[u] which can be written as an integral over the surface 
S_D-p-2 & t transverse spatial infinity [34]. Then the density is well-defined in the 
decompactification limit in which V p — * oo, defining the density of an infinite brane 
space-time. This can be generalised to the case in which the toroidal directions 
correspond to asymptotic Killing vectors, in which case V p is the asymptotic volume 
of the p-torus [34] . 




(3.2) 



P[u] = V p P[u], 




p-2 
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Consider aD-5 brane space-time, so that the surface at infinity is S_d-2 = 
S3 x T D ~ 5 , and let v be a D — 5-form tending asymptotically to the volume form v 
on T D ~'\ As we shall see, calculating the supersymmetry algebra in such a space 
gives a K-charge in general, and the expression for this charge that arises motivates 
the following definition. The D — 5-form charge K 

K[v] = ^A';,.,„ ,r'' : -'" 5 (3.4) 

is given by 

K[v] = ^ J u A v (3.5) 

where u> is the 3-form whose components are the totally antisymmetric part of the 
spin-connection (minus the background), &JjJ\abC\i 

u = ^A e A AaJ AB (3.6) 

Again, this is the difference between the K-charge and that of the background, and 
if the toroidal directions are asymptotically Killing, 

K[v] = V p K[v], K[v] = J u ( 3 - 7 ) 

£3 

If S3 is a circle bundle with fibre generated by an asymptotic Killing vector and if 
the length of the fibre at infinity is a constant over S* 2 and given by 2irR, then it 
is convenient to define the densities 

P[u] = ^P[n], K[v] = ±K[v] (3.8) 

We now show that the charge K indeed occurs in the superalgebra. We shall 
suppose that the background space M is supersymmetric, with Killing spinors ckq, 
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satisfying Veto — (where the supervariation of the gravitino in the background 
M is SipM — Vme); if M is flat, a frame can be chosen in which each Killing spinor 
ao is constant. We shall be interested in asymptotic Killing spinors a on M, i.e. 
spinors on M tending sufficiently fast to a Killing spinor ao of M, a = ao + 0(l/r p ) 
as r — > oo where p = (D — 2)/2. There is a supercharge for each commuting 
Majorana asymptotic Killing spinor a on M, i.e. for each spinor on M tending 
sufficiently fast to a Killing spinor ao of M, a = ao + 0(l/r p ) as r — > oo where 
p = (D — 2)/2. The supercharge is, to lowest order in the gravitino ipp, 



For asymptotic Killing spinors to exist, it is necessary that the spin structure 
on M agrees with that on M asymptotically. Consider a background space-time 



spinors can be periodic or anti-periodic on S . With the periodic spin structure, 
the vacuum has Killing spinors, and spaces M tending to M asymptotically and 
whose spin structure agrees with that of M asymptotically will have asymptotic 
Killing spinors. Then there is a positive mass theorem and a Bogomolnyi bound 
for such spaces, and the vacuum is stable against fluctuations which have the same 
spin structure asymptotically as the vacuum. On the other hand, with the anti- 
periodic spin structure, the vacuum has no Killing spinors and is not supersymetric, 
and spaces M tending to M with anti-periodic spinors at infinity will have no 
asymptotic Killing spinors and so need not have positive mass. Indeed, there 
are negative mass configurations with these asymptotics, leading to the instability 
of the KK vacuum [61]. The 5-dimensional Euclidean Schwarzschild space tends 
asymptotically to the Euclidean vacuum M 4 x S* 1 with anti-periodic spin- structure, 
and can be continued to a Lorentzian expanding bubble solution responsible for 
the decay of the KK vacuum [61]. Thus stability, positivity of the mass and a 
BPS bound can only be established for spaces with supersymmetric boundary 
conditions. With non-supersymmetric asymptotics, the loss of supersymmetry 




(3.9) 



— Q 1 1 

M which is the D = 5 KK vacuum R ' x S . This has two spin structures, as 
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means that there is nothing to prevent the ADM mass from becoming negative, 
and the vacuum is unstable. For example, the space Y x R, where Y is D = 4 
Euclidean Schwarzschild space, does not admit asymptotic Killing spinors, since 
the unique spin structure oeFx! requires the spinors to be anti-periodic in the 
S 1 at infinity generated by translations in the periodic Euclidean Schwarzschild 
time. On the other hand, if Y is Euclidean Taub-NUT (with mass M and NUT 
parameter N), the spinor structure is periodic and there are asymptotic Killing 
spinors. If M — \N\, Y is self-dual and has covariantly constant spinors, while if 
N = 0,Y reduces to Euclidean Schwarzschild space and the limit N — > leads to 
a change in topology and spin structure. In what follows, we shall consider only 
spaces with asymptotic Killing spinors, and will prove stability and a Bogomolnyi 
bound within this class of spaces. 

For commuting asymptotic Killing spinors a, (3, the supercharges satisfy the 
algebra [33] 

{Q[a],Q[P]} = ^— J E MN {a,(3)<m M N (3.10) 

in a bosonic background (otherwise there are corrections of second order in fermion 
fields) where 

E MN (a,[3) = -aT MNP V P p + c.c. (3.11) 
2 

where V is the supercovariant derivative occurring in the gravitino supersymmetry 
transformation 5ipM = Vm£ and c.c. denotes complex conjugate. In purely grav- 
itational backgrounds, V is the usual gravitational covariant derivative V. Using 
the asymptotic behaviour of the spinors, (3.10) can be rewritten in terms of the 
charges P, K as 

{Q[a],Q\p}} = P[ar M /3]+K[*(ar Ml --- M --^)]+^iz Ml ... Mp ar M -- M ^ (3.12) 

p P ' 

where the Zm x ...m v are the electric and magnetic anti-symmetric tensor charges, 
discussed in section 2; the values of p that occur depend on the algebra, and are 
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given in section 2 for D — 10, 11. If a — (3, (3.11) becomes the Nestor tensor 
[32] which can be used to derive a BPS bound for the mass in terms of K and 
the anti-symmetric tensor charges, as in [15,34].* This then implies similar bounds 
for the p-brane densities P, K and for the KK monopole densities P, K. The 
bound requires that the matter system satisfies a positive energy condition, and 
that the energy density is bounded below by the appropriate charge densities, as 
in [15,34,35]. It also requires the existence of asymptotic Killing spinors satisfying 
the 'Witten equation' [15,34,35]; when asymptotic Killing spinors exist, they can 
usually be chosen to satisfy the Witten equation and this has been proven in four 
dimensions for asymptotically flat spaces [36] . The requirement of the existence of 
asymptotic Killing spinors implies that the bound only applies to systems satisfying 
super symmetric boundary conditions, which in particular requires that the spin 
structure agree asymptotically with that of a supersymmetric space. 



4. Bogomolnyi Bounds in Five Dimensions and Four Dimensions 

In the case D = 5, K is a scalar and so occurs as a central charge in the D = 5 
superalgebra. The N extended superalgebra in D = 5 is 

{Q a a , Q b p} = n ab (T M C) P M + V ab C af3 K 

1 (4.1) 

Here iV is even, the supercharges Q% with a = 1, . . . , 4 and a = 1, . . .N/2 are 
symplectic Majorana spinors and Vl ab is the symplectic invariant of USp(N). The 
central charges Z ab satisfy Z ab = —Z ba and il a bZ ab = 0, the charges Z^j- satisfy 
Z$ = -Z b $ and Q ab Z$ = while Z$ N = Z b ^ N . The central charges Z ab arise as 
0-brane charges, the Zf b arise as string charges, and there are also 2,3 and 4-brane 
charges given by Zf b , Zf b k and Zf b kl) respectively. The gravitational charges are 

* In certain cases, such as the IIB algebra (2.3) and the N = 2 algebra in D = 4, but not the 
D = 11 algebra or the II A algebra, there is also a 3-form charge arising in the gravitational 
sector; this will be discussed further elsewhere. 
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the 5-momentum Pm and the central charge K. For example, for N = 8 in D = 5, 
the supermultiplet contains 27 abelian gauge fields giving 27 electric charges Z ab 
and 27 magnetic string charges Z? b . On reduction to D — 4, the 28 electric central 
charges come from P5 and Z ab , while the 28 magnetic central charges come from 
Zg b and K. The D = 5, N = 8 algebra with central charge K was considered in 
this context in [37]. The application of the positive mass theorem to D = 5 KK 
monopoles was also considered in [38-41]. 

The algebra (4.1) gives BPS bounds for p-branes, in the usual way 
[15,18,34,35,37] for spaces with supersymmetric boundary conditions with mat- 
ter satisfying a 'local BPS condition' that its energy density is bounded below by 
an expression depending on charge densities. For 0-branes, or for asymptotically 
flat or KK (multi-) monopole space-times, in D = 5, the mass satisfies 

M > \X n \ (4.2) 

where the A n , n — 1, N/2 are the skew eigen-values of Z ab + KVl ab . In particular, 
this implies 

M > \K\ (4.3) 

with equality for space-times IRX./V4 where N4 is self-dual or ant i- self- dual. Dividing 
by the size of the S 1 fibre, this gives 

M > \K\ (4.4) 

and as we shall see in section 5, K can be identified with the NUT charge N. 
Dimensionally reducing with respect to the time coordinate to A^4 gives the bound 

M > \N\ (4.5) 

for four-dimensional Euclidean geometries with asymptotic Killing spinors with 
equality for spaces admitting covariantly constant spinors, i.e. for self-dual geome- 
tries. This can be obtained directly by considering the dimensional reduction of 
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(3.10) to A4 (i.e. reducing in the time direction) given by 

±-J E MN (a,P)dJ: MN (4.6) 

where 

E MN (a, (3) = laF 5 r NP V P p + c.c. (4.7) 

The bound then follows from standard arguments using E MN (a, a). For ALF 
boundary conditions, S3 is a circle bundle over S 2 . The quantity M is the ADM 
momentum P[k] corresponding to the asymptotic Killing vector k generating the 
S 1 fibre. Including electric and magnetic charges Q, P, this becomes 

M 2 + Q 2 > N 2 + P 2 (4.8) 

This can formally be continued to Lorentzian signature metrics. Wick rotating 
the S 1 fibres (i.e. in adapted coordinates in which k = d/dy, we Wick rotate the 
coordinate y — > it) an argument similar to that of [15] gives 

M 2 + N 2 > Q 2 + P 2 (4.9) 

with equality only for spaces admitting supercovariantly constant spinors a, Va = 
0. Such a bound was suggested in [42]. 



21 



5. Evaluation of K[v] and Relation to NUT Charge. 



Consider a D dimensional manifold M with an isometry generated by a 
space-like Killing vector k = d/dy. The main examples considered here will be 
M — N4X R D ~ 5,1 where iV 4 is 4-dimensional Taub-NUT space or its multi-centre 
generalisation. The isometry defines a fibering n : M \ T — > B where JF is the 
fixed-point set of the action of G, so that B is the space of non-degenerate orbits. 
The metric Gmn on M induces a Lorentzian signature metric 

9MN = G M n -V^kMkjf (5.1) 

on B, where V = k M kM- The metric Gmn on M can be written as 

ds 2 = V(dy + A^dx") 2 + V- l g^dx»dx v (5.2) 

where V, and do not depend on the coordinate y. The vector field A^ is 
defined up to a gauge transformation 

A^A^ + d^p (5.3) 

as such a change can be absorbed into the coordinate transformation 

y^y-p (5.4) 

The invariant field-strength 

is the twist or vorticity of the vector field k and can be written covariantly in D 
dimensions as 

Fmn = V^g^g^VpkQ (5.6) 

On dimensional reduction with respect to the Killing vector k, the IP- 
dimensional metric gMN gives a metric g^ u , a graviphoton A^ and a graviscalar 



22 



V on the D — 1 dimensional space B. The kinetic term for the metric g^ v is not 



conventionally normalised; the Einstein metric is given by g^ u = V a g^ v where 
a = — l/D — 2. Note that the two metrics g^ v and g E v lead to different ADM 
momenta, P^ and P E respectively [40]. The vector field is an abelian gauge 
field on B, which will have electric charge q and a magnetic charge given by a D — 5 
form Z mi _ mD _ 5 , where x m are the spatial coordinates on B, with m — 1, . . . , D — 2. 
If the boundary of a spatial slice of B is IR 0-5 x S 2 or T 75-5 x S 2 for some compact 
2-space S 2 , then 

s 2 

where v is the volume-form on R D ~ 5 . If M = N 4 x IR 0-5 ' 1 , then the NUT charge 
defined in [30,31,45] can be generalised to a D — 5 form charge iV^...^ [fc] for 
M = iV4 x M 73 " 5 ' 1 (or for the Euclidean space M = N 4 x IR- " 5 ) given by 

N[k].v = ±- f F = \z.v (5.8) 

E 2 

(The factor of 8ir in (5.8) is included to agree with the normalisation in [30,31,45].) 
If y is periodic with period P, y ~ y + P, then the length of the orbit of k at x 11 is 
^/V(x)P which tends to 2tiR, say, on E. The electric charge q of the graviphoton 
is proportional to the momentum in the y direction q oc ^P E [k], while, as we shall 
see, the magnetic charge is Z.n oc j^K[n\. 

The momentum P[k\ and the corresponding NUT charge satisfy a Dirac quan- 
tization condition and the relation of the NUT charge to mass is similar to the 
relation of magnetic charge to electric charge. Two generalisations of the NUT 
charge or dual mass to spaces without isometries are given in [30,31]. However, 
both invoke special structures at infinity, whereas the definition of the charge K[v] 
is general and needs no such structures. 



23 



Let and be frames on M, B respectively, satisfying 

e M e NVAB = G M N, effirjab = V^g^ (5.9) 
A suitable choice of one-forms e A = {e y , e a } is 

e y = V 1/2 (dy + A^dx"), e a = e^dx" (5.10) 
The corresponding spin-connection one- forms uj A B,uJ a b satisfy 

de A + co A BAe B = 0, de a + tu a bA e b = (5.11) 

so that 

^\v-W a ey + V^F ab e\ ^ 
uj\ = Co\ - V l ' 2 F ab ey 

where V a = d^Ve% and F ab = e^F^ with F^ v = 2d^A„y Then the 3-form 
corresponding to the totally antisymmetric part of the spin-connection is 

u = F A k + u (5.13) 

where 

k = V(dy + A^dx^) = k M dx M , u = e\e a Cj ab (5.14) 

and F = \F ixv dx^dx v . In what follows, we shall consider only the case in which 
the contribution Co to (5.13) from the geometry of B is zero. Such contributions 
could have arisen, for example, if there were several Killing vectors giving rise to 
several magnetic charges, and their treatment is a straightforward generalisation 
of the case considered here. (Alternatively, instead of considering asymptotics 
with respect to a flat background, we could consider asymptotics with respect to 
a background with uo a b = Co a b , so that oo = e\e a ^{uo ab — uo ab ) = F A k.) 
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The isometry defines a fibering n : S3 \ T' — > S 2 where E.d-2 = 5 x S3 
or Sj)_2 = IR -0 5 x S3 is the boundary of a spatial slice of M and T D ~ 5 x S 2 or 
the boundary of a spatial slice of 5, and T' is the fixed-point set of 
the isometry action. Then F A k is proportional to the volume form of S3, so that 
f uj is a winding number. From (5.13) and the fact that A; is a Killing vector, it 
follows that 

K = — ^ [ u = -\ [ k [ F=— [ F = RN (5.15) 
16n 2 J 16n 2 J J 8tt J K ' 

where 2nR = f k is the length of the fibre at infinity. In particular, this implies 
that 

K = N (5.16) 

In the case of Taub-NUT, S 3 is S 3 and S 2 = S 2 , with vr the Hopf fibration. This 
case will now be examined in detail. 

The Euclidean Taub-NUT metric is of the form (5.2); taking as spherical 
polar coordinates r, 9, 0, it can be written as 

ds 2 = V{dy + A^d<j)f + V^dr 2 + r 2 f{d6 2 + sin 2 Odcj) 2 ) (5.17) 

where 

The Killing vector /c = <9/<9|/ can be used to define a component of momentum 
P[k] and a NUT charge N[k] given by the parameters M,N respectively. The 
limit iV — > gives Euclidean Schwarzschild with 'Euclidean mass' M (i.e. the 
mass resulting from regarding y as the Euclidean time). The parameter M is the 
fc-component of momentum P[k] and N is the corresponding NUT charge. The 
curvature is self-dual if M = N and anti-self-dual if M — —N. Regarded as a 
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metric on M 4 with spherical polar coordinates 9, 0, this metric has a Dirac string 
or wire singularity along the half- axis 9 = it. This singularity can be removed by 
introducing a new coordinate 

y' = y + 4N(f) (5.19) 

The metric becomes 

ds 2 = V{dy' + A'^d<f)) 2 + V~ l dr 2 + r 2 f{d9 2 + sin 2 9d<f) 2 ) (5.20) 

with 

^ = -4iVcos 2 ^ (5.21) 
The field strength F = dA = dA' is well-defined and given by 

F = 2N sin 9d9 A d(f) (5.22) 

The metric (5.20) is regular at 9 = n but not at 9 — 0. A non-singular metric is 
obtained by using t, r, 9, in the patch < 9 < n and t', r, 9, in the patch < 
9 < 7i. In the overlap, the transition (5.19) is consistent with the periodicity of if 
we make the y coordinate periodic with period 87r|iV|. This changes the topology 
of the surfaces r = constant from S 2 x R to S* 3 and leads to the requirement that 
the energy E of any particle moving in the space-time has to satisfy the Dirac 
quantization condition ANE = integer. Then ip, 0, 9 are Euler angles on S* 3 with 
ip = y/2\N\. The S 3 has a squashed metric: as r — > oo, the length of the S 4 Hopf 
fibres tends to a constant, 87r|iV|, while the area of the S 2 base increases as r 2 . 

The three-form u is given by 

uj = 2NV sin 9d9 A d(f) A dy = 2NV sin 9 d9 A d(f) A dy' = AN \ N\V sin 9 d9 A d<f) A dip 

(5.23) 

and is proportional to the volume form on S* 3 (and is well-defined). Integrating on 
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an S* 3 of constant r and taking the limit r — > oo gives 

^=1^2 / ^ = 4iV|iV| (5.24) 

The S* 3 is a circle bundle over the 2-sphere £ parameterised by 0, with fibre 
coordinate ■?/>. The NUT charge (5.8) is 



J F — J 2N sin 9d9d<j) — N (5.25) 



so that they are indeed related by K = RN, K — N, where R is the radius of the 
S\ R = 4\N\. 

The self-dual multi-Taub-NUT solution [28] is also of the form (5.2), but with 

s 2 N- 

^~ 1 = 1 + E i u l ~V F lw = e lwp VV- 1 (5.26) 
\xv — xT' 



i=l 



and with 

9iiu = <V ( 5 - 27 ) 

and this flat metric is used to raise and lower three-dimensional indices /i, u, . . .. 
There are s nuts with parameters iVj at the positions xf. The potential A will 
again have Dirac string singularities in general, but if all the parameters rii are 
equal to a single value N, then all singularities are removed by identifying y with 
period 87r|iV|. The surface at infinity is the Lens space L(s, 1). As \x^\ — > oo, 

V -> 1, F — > 2Ns sin 0rf0 A rf0, -> 2Ns sin 6d9 A d<p A dy (5.28) 

so that integrating u; over the Lens space L(s, 1) at infinity gives 

K = — ^ fu = -— U / 2Ns sin 0d0d(f)dy = 4N\N\ (5.29) 
I67H y s 16n z J 



27 



while the NUT charge is 

N = — [ F=— [ 2Ns sin OddcU/) = sN (5.30) 
8rr J Six J 

E E 

so that they are related by K = RN, where R is the 'size' of the fibre S 1 /Z S: 
R = 4\N\/s. 



6. Nine-Branes in IIB Theory 

We now turn to the new 9-branes that have been proposed for the type IIB 
theory. That such branes should be present in the theory follows from duality and 
supersymmetry. It is known that there are D- 9-branes with RR charge in the type 
IIB string, and that they break half the supersymmetry, so that there should be 
a corresponding 9-brane charge in the IIB superalgebra. Consider now the action 
of an SL(2, Z) duality transformation on the RR 9-brane. The 9-brane will either 
be invariant, or will be mapped into a new 9-brane. However, we have seen from 
the superalgebra that the 9-brane charges that occur on the right hand side of 
(2.3) fit into doublets of SO (2), as do the 1-brane and 5-brane charges. For the 1- 
brane and 5-brane, the SO (2) doublet of charges is related (by a scalar-dependent 
transformation) to an SL(2) doublet of charges, and in the same way the SO (2) 
doublet of 9-brane charges (Z X ,Z 2 ) can be converted to an SL{2) doublet of 9- 
brane charges (Z 1 , Z 2 ). The D-9-brane charge Z 2 is then not a singlet of SL(2, Z), 
so the D-9-brane is mapped to a new 9-brane, and the action of SL(2, Z) on the 
doublet of 9-brane charges will give (p, q) 9-branes with p, q co-prime integers. 

In the type IIB theory, the RR 9-brane occurs as a D-brane and gives rise to 
Chan-Paton factors for the fundamental string at weak coupling. A fundamental 
string can end on a D-brane, and the standard configuration with n 9-D-branes 
would be with the n branes coincident and each filling D = 10 space-time. Thus 
strings ending on a 9-brane would be open strings, with each end labelled by which 
of the n 9-D-branes it ended on, giving rise to an n-dimensional Chan-Paton factor. 
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In D = 10 Minkowski space, charge conservation forbids the presence of any 9-D- 
branes. However, if one mods out by world-sheet parity reversal Q to construct an 
orientifold, the whole D = 10 Minkowski space is a source of 9-brane charge which 
can be cancelled by adding precisely 32 9-D-branes, giving rise to the type I string 
with 5*0(32) Chan-Paton factors. 

As the presence of 9-branes is usually not allowed without the presence of some 
other sources of charge, such as an orientifold, any discussion of 9-branes in general 
is necessarily rather formal. Before discussing the possibility of generalising the 
usual orientifolds to give sources of (p, q) 9-brane charge so as to give consistent 
backgrounds with (p, q) 9-branes, it will be useful to consider 9-branes and their 
relations to other branes further. 

The type IIB theory has an SL(2, Z) symmetry [2,10] which acts on the complex 
scalar A = x + ie~® , where $ is the dilaton and x is the RR scalar, and the two 
anti-symmetric tensor field strengths Hf dNp with u = 1, 2 where H 1 = dB 1 is the 
NS-NS field strength and H 2 = dB 2 is the RR field strength. The transformations 
are 

where A is the SL(2, Z) matrix 

( p r\ 

A= , ps-qr = l, p,q,r,seZ (6.2) 




The branes of the type IIB theory fit into representations of the SL(2, Z) symmetry. 
Some are singlets, while some of the branes transform as doublets of the SL(2,M) 
symmetry of the classical supergravity theory leading in the quantum theory to a 
spectrum of branes with charge (p, q) with p, q co-prime integers. The 3-brane is 
a singlet and the strings and 5-branes are doublets. The 7-brane is more subtle, 
as it couples to the scalar fields which transform non-linearly under SX(2,Z). 
The solutions of [23] in which the axion ansatz involves the modular invariant j- 
function are SL(2, Z) invariant and lead to singlet 7-brane charges. Acting with 
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SX(2,Z) on a 7-brane leaves its charge -Z^...^ invariant, but changes the SX(2, Z) 
monodromy and the couplings to strings and 5-branes [26] . This is consistent with 
the superalgebra, which we have seen has singlet 3-brane and 7-brane charges, and 
1-brane and 5-brane charges that are doublets. The 9-brane charges are doublets, 
so that there should be 9-branes with charges (p, q) with p, q co-prime. 

Strings carry two one-form charges Zf and 5-branes carry two 5-form charges 
ZfjUmi w hich transform as doublets under 5L(2); 



The scalars can be used to construct a 2 x 2 matrix V G SL(2,~R) transforming 
under rigid SL(2,M) from the right and under local 5*0(2) from the left, so that 
under 5L(2,Z), V -> VA^ 1 . Fixing an 50(2) gauge gives an expression for If 
V — > Vo at infinity, for V in terms of the complex scalar A. some constant matrix 
Vo, then Z{ = VoZi and ZijUm = Vo-^yiWm are 5L(2)-invariant charges which 
however transform as doublets under the 5*0(2) which also acts on the fermions 
and supercharges; it is these charges Zi,Zijki m that enter into the superalgebra 



A similar structure should hold for the 9-branes. The 2-vector of 9-brane 



from an SL(2) doublet Zq, with Zq = VqZq. The D-brane with p = 9 can be 
thought of as coupling to a 10-form potential A 2 which is an auxiliary field of the 
theory, occurring in the RR sector. (Strictly speaking, the RR construction gives 
only physical fields, but the 9-brane coupled to the 10-form is related by T-duality 
to p-branes coupling to RR (p + 1) form gauge fields.) As the charges Zq are an 
SL(2) doublet, there should be an SL(2) doublet of 10-form potentials, A 1 , A 2 . 
The field A 1 is again non-physical, and it seems natural to attribute it to some 
generalisation of the usual NS-NS sector to include auxiliary fields. 

At weak coupling, g =< e* >~ 0, the perturbative states are described by 
the NS-NS or (1,0) string while all the other branes are non-perturbative [7]. The 




(6.3) 



(2.3). 



charges Zq (dual to Zf^ i ) in the algebra is an 50(2) doublet and should arise 
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perturbative theory is formulated as the usual type IIB superstring theory, with a 
topological expansion in terms of the genus of the world-sheet of the NS-NS string. 
At strong coupling, however, it is the RR or (0,1) string that gives the states that 
are perturbative in an expansion in g = 1/g. The conjectured self-duality of the 
theory implies that the strong-coupling theory is again a type IIB string theory, 
but now the formulation should be in terms of the world-sheet of the (0,1) string. 
The perturbation theory in g is a sum over (0, 1) string world-sheets with the power 
of g corresponding to the genus of the world-sheet. At weak coupling, the (1,0) 
string can end on the D-branes carrying RR charge, which are the 3-brane, the 
7-brane, the (0,1) string, the (0,1) 5-brane and the RR 9-brane, which we will refer 
to as the (0,1) 9-brane* In the strongly coupled theory formulated in terms of the 
world-sheet of the (0,1) string, the (0,1) string and (0,1) 5-brane carry charge that 
appears in the NS-NS sector of the dual (0,1) string (as this couples to B 2 ) while 
the new D-branes with density proportional to 1/g on which the (0,1) string can 
end are the 3-brane, the 7-brane, the (1,0) string and the (1,0) 5-brane. These all 
carry charge which occurs in the RR sector of the (0,1) string. This structure is 
obtained by acting with the SL(2, Z) transformation generated by 



which interchanges strong and weak coupling. For example, this takes a (1,0) 
string ending on (0, 1) strings or 5-branes to a (0,1) string ending on (1, 0) strings 
or 5-branes. 

This should extend to 9-branes as follows. There are two basic 9-branes, with 
charges (1,0) and (0,1). At weak coupling, the (0,1) 9-brane is a D-brane for the 
weakly coupled (1,0) string and carries RR charge. The strongly coupled theory is 
formulated in terms of the world-sheet of the (0,1) string and has the (1,0) 9-brane 
as a D-brane occurring in the RR sector of the (0,1) string. A general 9-brane has 

* The (1,0) string can also end on (n, ±1) strings, 5-branes and 9-branes, as follows from 
SX(2, Z) duality. However, it will be sufficient here to focus on the (0,1) Dirichlet branes. 




(6.4) 
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two charges (p,q) corresponding to the two 10-forms A 1 , A 2 and can be thought 
of as a bound state of (1,0) and (0,1) branes. The two auxiliary 10-form fields fit 
into an SL(2, Z) doublet and one occurs in the RR sector of the (1,0) string, while 
the other occurs in the RR sector of the (0,1) string. (A naive extrapolation of the 
formulae of [7] suggests that for the weakly coupled string, the coupling constant 
dependence of the density of the NS-NS 9-brane is g~ 4 . This is to be compared 
with that of the RR 9-brane and other D-branes which have densities of order g^ 1 
and that of the solitonic NS-NS 5-brane which has density of order g~ 2 . Then on 
going to strong coupling and using the dual string metric, the (1,0) 9-brane would 
have density g^ 1 and the (0,1) 9-brane would have density g~ 4 . However, this is 
rather formal as there are various problems in discussing the densities of p-branes 
with p > 7 in ten dimensions.) 

Instead of acting with the SL(2, Z) transformation (6.4) that takes us from 
weak to strong coupling, we could act with a general SL(2, Z) transformation 
generated by (6.2). The (1, 0) 1, 5, 9-branes are mapped to (p, q) 1, 5, 9-branes and 
the (0, 1) 1, 5, 9-branes are mapped to (r, s) branes, while the transformation (6.1) 
of A leads to a new coupling constant g. Perturbation theory in g again gives a type 
IIB string theory, but where now the (p, q) string is fundamental and formulated 
in terms of the (p, q) string world-sheet. The D-branes of this dual world-sheet 
description are the (r, s) 1-branes, 5-branes and 9-branes, together with the 3- 
brane and the 7-brane. These couple to potentials that arise in the RR sector of 
the new fundamental string. The (p, q) 5-brane is now solitonic, and other strings 
and 5-branes occur as various bound states. 

We turn now to the orientifold construction. At weak coupling, the type IIB 
theory is formulated in terms of a fundamental (1, 0) string and has a symmetry 
fl which reverses the parity of the (1,0) world-sheet. As the dilaton is invariant 
under Q, this is a perturbative symmetry. The massless bosonic fields of the IIB 
theory are gMN, B^ N ,& in the NS-NS sector and Dmnpq, Bj^ N ,x in the RR 
sector. Of these, the ones that are invariant under f2 are gMN, B 2 vIN ,^. The 
orientifold of the IIB theory constructed using gives the type I theory [12]. 
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The invariant sector is formulated in terms of closed type I strings, with massless 
bosonic fields QmNi -^mtv? I 11 addition there is an open string sector, which can 
in some ways be thought of as a twisted sector, with 5*0(32) Chan-Paton factors 
arising from 32 RR 9-branes [13]. Acting with Q projects out all branes except the 
RR string, 5-brane and 9-brane, although there is a sense in which the closed and 
open fundamental type I strings can be associated with the fundamental NS-NS 
string of the type IIB theory. 

Consider now the strongly coupled type IIB string, formulated as a world-sheet 
theory of the (0,1) string. This should be isomorphic to the usual type IIB string, 
and in particular has a symmetry Cl which reverses the parity of the (0,1) string 
world-sheet. As Q leaves the dilaton invariant, this is a perturbative symmetry in 
g perturbation theory. We can consider orientifolding by Cl, which should make 
sense in g perturbation expansion. It should be isomorphic to the usual orientifold 
construction, and lead to a theory isomorphic to the usual type-I theory, and in 
particular should have open strings and SO (32) gauge symmetry. The massless 
bosonic fields that are invariant under (l are gMN-, B\j N ,^, which occurred in 
the NS-NS sector of the (1,0) string for g « 1. The Chan-Paton factors are 
now carried by the 9-branes that are the D-branes for the (0,1) string; these are 
precisely the (1,0) 9-branes that we have postulated. 

The next question is that of how the 'new' type I string is related to the 
usual one. It is isomorphic to the usual one, but it fits differently into the type 
IIB theory - one is obtained by the usual orientifold construction, the other by 
doing an SX(2, Z) transformation and then orientifolding. The two type I theories 
are physically indistinguishable; both are theories of non-orientible closed strings 
coupled to open strings with .SO (32) Chan-Paton factors and both have N — 1 
supergravity coupled to 5*0(32) super- Yang-Mills as the low energy effective field 
theory. On modding out by Q, the (0,1) string, 5-brane and 9-brane of the IIB 
theory survive as type I D-branes, while the (1,0) string which is fundamental for 
g « 1 leads to the fundamental type I strings which can end on the D-branes. 
The strong coupling limit of this type I theory is conjectured to be the 50(32) 
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heterotic theory [4], with the (0,1) string becoming the fundamental heterotic string 
at strong coupling [10,11,13]. On the other hand, on modding out by Cl for g » 1, 
the (1,0) string, 5-brane and 9-brane of the IIB theory survive as the new type I 
D-branes, while the (0,1) string which is fundamental in the IIB theory for g « 1 
leads to the fundamental strings of this new type I theory which can end on the 
(1,0) string, 5-brane and 9-brane. 

To proceed further, we shall suppose that the perturbative parity reversal sym- 
metry Q extends to a Z2 symmetry of the full non-perturbative type IIB theory, 
which we will again denote as Q. We know how this acts on perturbative states and 
hence on the effective low-energy supergravity theory - gMN, Bm N , $ are even and 
Dmnpq-, B\f N , x are °dd under f2 - and this tells us how it acts on BPS states: the 
(0,1) string, 5-brane and 9-brane are invariant while the the (1,0) string, 5-brane 
and 9-brane together with the 7-brane and 3-brane are odd under Q. If there is 
such a non-perturbative symmetry Q it should in particular be a symmetry for 
all values of the coupling g. Then Q should also extend to a non-perturbative 
symmetry and should be related to Q by 

n = SQS- 1 (6.5) 

where S is the SL(2,Z) transformation (6.4). Modding the non-perturbative IIB 
theory by the Z2 symmetry Q (or Q) should then make sense for any value of 
the coupling g and would give a theory with N = 1 supersymmetry in D = 10 
and SO (32) gauge symmetry. Modding out by f2 requires a background with 32 
(0, 1) 9-branes (since it does for weak coupling, it must for strong coupling also) 
while modding out by Q requires 32 (1, 0) 9-branes. As modding out by Q at 
weak coupling (g << 1) gives the type I string, and the strong coupling limit of 
this is the 50(32) heterotic string, this implies that modding the strongly coupled 
IIB string (with 32 (0, 1) 9-branes) out by Q should give the heterotic string with 
coupling constant g = 1/g. Similarly, modding out the weakly coupled type IIB 
string (with 32 (1, 0) 9-branes) by Cl should give the weakly coupled heterotic string 
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with coupling constant g. The NS-NS sector of the type IIB string gMN, B\ini ^ 
gives the N — 1 supergravity fields of the heterotic string and in particular the 
type IIB dilaton is identified with the heterotic dilaton. 

The symmetry Q should be a perturbative symmetry of the weakly coupled 
IIB string. The weakly coupled type IIB string also has a perturbative symmetry 
(— 1) Fl where Fl is the left-handed fermion number of the conventional NSR for- 
mulation of the type IIB theory. It also leaves qmn, B\in-> ® invariant - the same 
sector preserved by fl. This implies that (— 1) L and (l act in the same way on BPS 
states - D-branes are odd and (1,0) strings and 5-branes are even under both. This 
suggests that (— 1) L is the same symmetry as f2, and this could be taken as the 
definition of the extension of (— 1) Fl to a symmetry of the full non-perturbative 
theory. Indeed, in [46] it was argued that (— 1) Fl = SttS^ 1 by considering the 
action on massless fields, while here £1 = SVlS^ 1 by definition. Similarly, extrapo- 
lating f2 to strong coupling should give (— 1) Fl where F' L is the left-handed fermion 
number of the NSR formulation of the dual type IIB theory, acting on fermions 
moving on the (0,1) string world-sheet. 

It has been suggested (see e.g. [46]) that modding out the type IIB theory by 
(— 1) Fl should give the type IIA theory by considering the action on perturbative 
states, while we have argued that modding out by Q should give a heterotic/type I 
theory. If (— l)^ and f2 are in fact the same symmetry and if it is indeed the case 
that modding the type IIB theory by (— 1) Fl can give the type IIA theory, then 
this would mean that there are two different ways of modding the IIB theory by the 
same symmetry, in which different 'twisted sectors' are added to obtain a consistent 
theory. In both cases the untwisted or invariant sector includes the (^-perturbative 
states from the product of the left-handed NS sector with the right-handed R and 
NS sectors. This theory is inconsistent as it stands, but a consistent theory can 
be obtained by adding a 'twisted sector'. One way of doing this is by introducing 
a left-handed R sector of the opposite chirality, to obtain a type IIA theory, while 
another is to introduce 32 (1,0) 9-branes and a heterotic sector which becomes the 
open string sector of a type I theory as g — > oo. If this is correct, it would also 
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mean that on taking an orientifold of the type IIB theory with fi, the resulting 
theory can be fixed up either in the usual way to obtain the type I string, or by 
adding a IIA twisted sector so that the theory becomes the weakly coupled IIA 
theory as the IIB coupling becomes large, so that the IIA and IIB couplings are 
inversely related. As the IIA theory becomes M-theory at strong coupling [4], this 
would mean that the twisted sector added to the orientifolded type IIB theory at 
weak coupling should be 11-dimensional. (It is of course conceivable that (— 1) Fl 
and fl are in fact two different Z2 symmetries, which have the same action on the 
massless sector, but differ in their actions on the full theory; modding out by one 
gives the type IIA theory and modding out by the other gives a type I theory. This 
would mean that X = (-l) FL .tt should be some as yet unknown symmetry that 
preserves the massless and BPS sectors but acts non-trivially on the full theory, so 
that n = (-1) Fl .X.) 

This can be generalised to consider orientifolding the (p, q) string instead of the 
(1, 0) or (0, 1) string. Acting with an SL(2, Z) transformation A gives the discrete 
symmetry 

tt A = AIM" 1 (6.6) 

If A takes a (1,0) string to a (p, q) string and takes the coupling constant g to g\, 
then perturbation theory in g A gives a type IIB theory in which the (p, q) string 
is now the fundamental string and Vt\ acts as parity reversal on the (p, q) string 
world-sheet. Modding out by Q\ should again give a type I string (for weak g\) 
and a heterotic string (for strong g\); each choice of A gives a physically equivalent 
theory, but 'embedded' differently in the type IIB string. 
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7. The IIA Theory and M-Theory 



We have argued that there should be an extra 9-brane in the type IIB theory. 
Dimensionally reducing on a circle to 9 dimensions, the 9-brane yields a new 8- 
brane in the D = 9 type II theory, in addition to the D-8-brane that comes from 
the RR 9-brane in the IIB theory. The same D = 9 type II theory can be obtained 
by reducing the T-dual type IIA theory, so that the new 8-brane should also have a 
type IIA origin. It could have come from either a new 8-brane or a new 9-brane in 
the D = 10 type IIA theory; however, a new type IIA 8-brane would give both an 
8-brane and a 7-brane in D = 9, and there is no evidence for an extra 7-brane from 
the type IIB side. Thus the type IIA theory should also have a new 9-brane, which 
again is not in the RR sector and is not a D-brane. The type IIA theory at finite 
coupling is M-theory compactified on a circle, so that the new type IIA 9-brane 
should have an M-theory origin. The simplest way in which this could happen 
would be if M-theory had either a 9-brane or a 10-brane. A 10-brane would give 
just a 9-brane in D = 10, while a 9-brane would give a 9-brane and an 8-brane. 
We have seen in section 2 that the D — 11 superalgebra (2.1) has a 9-brane charge 
that reduces to an 8-brane charge and a 9-brane charge in D = 10, so we conclude 
that M-theory could have a 9-brane that gives rise to the new 9-brane and the 
8- D-brane of type IIA on reducing on a circle. 

Assuming the existence of an M-9-brane, M-theory then has p-branes for p = 
2, 5, 6, 9, and reducing to the D — 10 IIA theory, the M-membrane gives branes 
with p — 1,2, the M-5-brane gives branes with p — 4, 5, the M-6-brane gives branes 
with p = 5,6 and the M-9-brane gives branes with p = 8,9. In addition, the 11- 
momentum Pm gives a 0-brane charge and a 10-momentum on reduction. If the 
D-momentum Pm were treated in the same way as the other charges, it would be 
split into the spatial momentum Pi which is analogous to a 1-brane charge, and 
the energy Pq, which could be dualised to a D — 1 brane charge Pi 1 ...i £) _ 1 . The fact 
that states carrying momentum in compactified dimensions are U-dual to states 
obtained by wrapping branes round the compactified dimensions [2] means that 
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for some purposes states carrying the gravitational charge Pm should be treated 
on the same footing as states carrying brane charges. 

If the D — 11 momentum Pm is formally thought of as corresponding to a 
1-brane charge Pi and a 10-brane charge -Pii..i D _i (dual to Pq), then the M-theory 
spectrum has branes with p = 1, 2; 5, 6; 9, 10. It is suggestive that these occur in 
three pairs {p — l,p} for p — 2, 6, 10. This would have a natural interpretation 
if these charges arose from a 12-dimensional theory with a 2-brane, a 6-brane 
and a 10-brane. Twelve- dimensional theories have been proposed for a number of 
different reasons [7,47,48]. If the 12-dimensional space has signature (11, 1), then 
this reduction is straightforward. It has been suggested [47] that the superalgebra 
in 10+2 dimensions [17] 



{Qa, Qp] = (T MN C) ap Z M n + (T MNPQRS C) a/3 Z+ NpQRS . (7.1) 

(with Q a 32-component Majorana-Weyl spinors, and Z MNP q RS a self-dual 6-form) 
should play a role in 12 dimensions. On dimensional reduction with respect to one 
of the time- like directions, the D — 11 algebra (2.1) emerges, with the momentum 
Pm arising from the D = 12 2-form charge Zmn- Choosing one of the two times 
x° as the 'canonical time', the remaining coordinates are the other time coordinate 
x° and the spatial coordinates x % (i = 1, 10), which can be combined into 11- 
dimensional coordinates x^, with /j, — 0, i. The 2 charges Zmn, ^mnpqrs S^ ve " se 
to a 2-brane charge Z^ v and a 6-brane charge Z^ lmmmfl6 , while Zq^ is dualised to give a 
10-brane charge ^ 1 ... /il0 ; the dual 6-brane charge Z^..^ is equal to Z^_ ^ because 
of the self-duality of Z MNP q RS . Each of these p-brane charges with p — 2, 6, 10 
splits into one including an x° component and one without, giving the charge for a 
brane with world- volume of signature (p, 1) and one for a brane with world- volume 
of signature (p — 1,2). On dimensionally reducing in the x° direction, one obtains 
in 1 1 dimensions a j9-brane and a p — 1 brane, both with conventional Lorentzian 
signature. 
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12-Brane 


World- Volume Signature 


Charge 


M-brane 


2-brane 


(2,1) 


Zij 


2-brane 


(l,l)-brane 


(1,2) 




pp-wave 


6-brane 


(6,1) 


Zijklmn 


KK monopole 


(5,l)-brane 


(5,2) 




5-brane 


10-brane 


(io,i) 


Zi 1 ...i w 


Energy P 


(9,l)-brane 


(9,2) 


^ii...iaO 


9-brane 



Table 1 Suggested branes in 12 dimensions and reduction to 11 dimensions. 



The conventional type IIA supergravity has no 8-brane solution, but it was 
shown in [24] that Romans' generalisation of the type IIA theory involving a mass 
m [49] does have such a solution. The 8-brane couples to a non-dynamical 9-form 
potential Ag with field strength Fiq. The massive type IIA action was rewritten 
in [24] in a form which included the term 

J MF W (7.2) 

where M is a scalar field. As Ag only occurs in the action through this term, it 
is a Lagrange multiplier imposing the constraint M = constant and the constant 
value of M is the mass m of the Romans theory. If m — 0, the standard type IIA 
supergravity is recovered. This 8-brane should arise from the double dimensional 
reduction of the 9-brane of M-theory, and the term (7.2) should also have an 11- 
dimensional origin. Indeed, it was argued in [24] that the term (7.2) necessarily 
arises in the IIA string theory, which implies that a similar term must arise in M- 
theory, as the M-theory compactified on a circle is the same thing as the type IIA 
string at finite coupling. This suggests that the low-energy effective field theory of 
M-theory should include a term 

f MF n (7.3) 

where M is a scalar and F\\ = dAio where A\q is a 10-form potential which 
couples to the M-theory 9-brane. On reduction to D — 10, the potential A\q gives 
Ag which couples to the IIA 8-brane, and a 10-form Aiq which couples to the 9- 
brane. However, it has been shown subject to certain assumptions that there is no 
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conventional extension of D = 11 supergravity which includes a term of the form 
(7.3) [59], so that any modification of the supergravity theory including the term 
(7.3) must be of an unusual form. 

8. World- Volume Theories and Collective Coordinates 

The zero-mode dynamics of a p-brane are described by a supersymmetric 
field theory on the p + 1 dimensional world-volume arising from gauge-fixing a 
^-symmetric supercovariant action. This world-volume theory has 8 fermionic and 
8 bosonic degrees of freedom for branes that break half the super symmetry. The 
bosonic degrees of freedom for a p-brane usually include D — p — 1 scalar fields, 
corresponding to the collective coordinates for the position of the p-brane, and if 
D — p — 1 < 8, there are in addition 9 + p — D bosonic degrees of freedom which 
are typically collective coordinates for anti-symmetric tensor gauge field degrees 
of freedom. The D = 10 fundamental string is described by 8 world-sheet scalars 
and 8 world-sheet spinors, while the D — 11 membrane is described by 8 world- 
volume scalars and 8 3-dimensional spinors; the scalars transform as a vector and 
the fermions as a spinor under the transverse SO (8). A D-brane is described by 
a vector multiplet in its p + 1 dimensional world-volume with 9 — p scalars and 
a vector field, giving (9 — p) + (p — 1) = 8 bosonic physical degrees of freedom. 
The 5-brane of M-theory is described by a 6-dimensional self-dual vector multiplet 
whose bosonic degrees of freedom consist of 5 scalars and a 2-form gauge field with 
self-dual field strength. 

The description of the dynamics of the membrane in D — 11 requires 8 scalars, 
while the D — 10 membrane of the type IIA theory should have one less scalar 
collective coordinate; this is indeed the case, and its effective world-volume theory 
has 7 scalars and a vector. In the three-dimensional world-volume, a scalar is 
dual to a vector, and the two membrane effective actions are related by a world- 
volume duality transformation. Similarly, the type IIA 5-brane should have 4 
scalars on its world-volume, while the M-theory 5-brane from which it is obtained 
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by double dimensional reduction has 5 scalars. This suggests that the IIA 5-brane 
should be described by the 6-dimensional multiplet obtained by taking the self- 
dual antisymmetric tensor multiplet and dualising one of the scalars to obtain a 
4-form. The scalar to be dualised is the one corresponding to translations in the 
11-th dimension, which is taken to be an isometry in the dimensional reduction, so 
that the scalar only appears through its derivative and can be dualised. Thus the 
bosonic sector of the M-theory 5-brane effective theory has 5 scalars and a self-dual 
2-form gauge field, the IIA 5-brane has 4 scalars, a self-dual 2-form gauge field and 
a 4-form gauge field; the two multiplets are on-shell equivalent. In the IIB theory, 
the D-5-brane is described by a vector multiplet with 4 scalars and a vector. This 
can be dualised to a multiplet with 4 scalars and a 3-form gauge field, and this is 
a natural candidate for the world- volume theory of the NS 5-brane of the type IIB 
theory. 

In [48,50], explicit duality transformations were considered for D-brane ac- 
tions, and for the cases considered the results were consistent with the view that 
the transition from weak to strong coupling is accompanied by a world-volume 
duality transformation. However, the determination of the zero modes from the 
supergravity field equations, as in [20], does not distinguish between dual forms 
of the world-volume collective coordinate supermultiplet; the choice between dual 
forms of the multiplets seems to be a matter of convenience rather than of prin- 
ciple. For example, for the membrane the formulation with eight scalars makes 
the (transverse part of the) 11-dimensional Lorentz invariance manifest, while it is 
more convenient to write the non-abelian generalisation arising when a number of 
membranes are coincident in terms of the vector multiplet, as the corresponding 
action written in terms of the scalars would be non-local. In what follows, we shall 
seek dual forms of the multiplet in which the number of scalars is the number of 
translational zero-modes, and different branes have different multiplets. 

We now turn to the question of the KK monopoles. We have argued that they 
can be regarded as D — 5 branes, which should imply that they have 4 scalar de- 
grees of freedom (since a p-brane should have D —p — 1 scalar fields). However, this 
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cannot be correct, as this number of scalars cannot be fitted into supermultiplets of 
half-maximal supersymmetry in general. For example, for D — 11 we would need 
a 7-dimensional N = 2 supermultiplet with 4 scalars, of which none are known. In 
7 dimensions, an iV = 2 vector multiplet has three scalars and a vector, and the 
number of scalars can be decreased by dualising, but cannot be increased. The 
resolution comes from considering the gravitational instanton moduli space. The 
space-time in question is MP' 1 x N4 where N4 is a gravitational multi-instanton 
space. For a single instanton in four dimensions, one would expect four collective 
coordinates corresponding to the position of the instanton. However, this is not 
the case for the Taub-NUT metric, which has a 3-dimensional moduli space; trans- 
lation in the direction d/dy gives an equivalent metric and so does not count as 
a deformation as that direction is Killing [51]. More generally, the multi-centre 
metrics (5. 2), (5. 26), (5. 27), have only 3s moduli (corresponding to the s positions 
in M 3 ) [51]. This would be consistent with the effective world- volume dynamics 
of the KK monopole being described by a 7-dimensional vector multiplet, which 
has 3 scalars, or by the multiplet given by dualising the vector to give 3 scalars and 
a 4-form gauge field; these are the only possibilities as no other matter multiplets 
have 3 scalars. It is remarkable that supersymmetry would have led us to the 
conclusion that the moduli space dimension should be a multiple of 3. 

Double dimensional reduction to the KK monopole 5-brane in 10 dimensions 
gives the dimensional reduction of the vector multiplet to D — 6, and should 
contain 3 scalars again, corresponding to the instanton moduli. This leads to 
the multiplet with 3 scalars, one 3-form and one 4-form gauge field, coming from 
the reduction of the multiplet with 3 scalars and a 4-form in 7 dimensions. This 
suggests that a convenient description is in terms of a multiplet with 3 scalars and 
a 4-form in 7 dimensions or the multiplet obtained by straightforward dimensional 
reduction of this to 7-d dimensions for the KK monopole in D — d dimensions. 

Simple dimensional reduction of the KK monopole (taking a periodic array) 
gives the type IIA 6-brane in D = 10. The 7-dimensional world-volume description 
is obtained by dualising the 4-form to a vector to give the D = 7 vector multiplet 
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with 3 scalars and a vector. The picture that seems to be emerging is that double 
dimensional reduction of an M-theory p-brane for p = 2, 5, 6 gives a p — 1 brane of 
the IIA theory with the world-volume theory obtained by dimensional reduction of 
the M-brane world-volume theory from p + 1 to p dimensions. On the other hand, 
simple dimensional reduction (with a periodic array) to give a IIA p-brane gives 
equivalent world-volume theories for the IIA and M-theory p-branes, but related 
by a world- volume duality transformation. If this pattern persists for the M-theory 
9-brane, its world-volume theory must be a 10-dimensional supersymmetric theory 
whose dimensional reduction to 9 dimensions gives the 8-brane world-volume the- 
ory which is given by a vector multiplet with a vector and a scalar. This fixes the 
M-theory 9-brane to be described by a 10-dimensional vector multiplet. One would 
have expected a scalar representing the position of the 9-brane, but perhaps this is 
missing for reasons similar to those for the absence of the expected fourth modulus 
for the Kaluza-Klein monopole. Then the world-volume theory for the IIA 9-brane 
should be the multiplet related to this by a world-volume duality transformation, 
with a 7-form gauge potential instead of a vector. 

Consider now the IIB theory. As the solitonic (NS) 5-brane is related to the 
Kaluza-Klein monopole by T-duality (with respect to the isometry generated by 
d/dy for the metric (5.2)), the IIA theory in a 5-brane background is equivalent 
to the IIB theory in a KK monopole background, and the IIB theory in a solitonic 
5-brane background is equivalent to the IIA theory in a KK monopole background. 
This fixes the world-volume theory of the IIB KK monopole to be the six dimen- 
sional (2,0) supermultiplet with a 2-form A\ with self-dual field strength and 5 
scalars, or a dual version of this. As there are 3 translational zero modes, it is 
natural to seek a dual form with 3 scalars; if it is possible to dualise 2 scalars, this 
would give a multiplet with A£, 3 scalars and two 4-form potentials A4. (Note that 
the five scalars could have interpretation as translational zero modes of 7-brane in 
12 dimensions which reduces to this 5-brane in 10 dimensions.) It also fixes the 
six-dimensional world-volume multiplet for the type IIB NS-NS 5-brane to be the 
(1,1) vector supermultiplet with 4 scalars and a vector, or a dual version of this. 
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There should be 4 translational zero modes and so 4 scalars, but the vector could 
be dualised to give a multiplet with 4 scalars and a 3-form. 

Finally, we consider the pp-wave solutions. As there is a sense in which they 
can be regarded as 1-branes and are T-dual to fundamental strings, we can ask 
what their world-sheet effective dynamics should be. The pp-wave solution of M- 
theory [52] gives the 0-brane of the IIA theory on double dimensional reduction 
(i.e. on reducing the configuration in which the wave travels in the compact 11th 
dimension) [3] and as the 0-brane world-line theory is a one-dimensional super- 
vector multiplet with a vector gauge field and 9 scalars, the pp-wave world-sheet 
theory which reduces to this must be a 2-dimensional theory with 8 scalars and 
a vector. If the pp-wave is moving in a compact dimension, then it is related by 
T-duality to a fundamental string wrapped around the compact dimension [16]. 
Thus the IIA theory in such a pp-wave background is T-dual to the IIB theory in 
a fundamental string background, i.e. with a fundamental string wrapped around 
the internal dimension [53]. This fundamental string is in turn dual to a D-string. 
The effective world-sheet dynamics is then described by a IIB Green-Schwarz string 
with 8+8 degrees of freedom in static gauge, or equivalently by a Born-Infeld action 
which is equivalent to this via a world-sheet duality transformation [50]. Similarly, 
the IIB pp-wave is T-dual to the IIA fundamental string [53], and is described by 
a IIA Green-Schwarz superstring action. 

These world-volume dynamics are summarised in the following tables. The 
bosonic fields in the supermultiplet are listed, with A n denoting an n-form gauge 
potential, denoting a 2-form with self-dual field strength and m x represents 
m scalars. The multiplets for the solitonic 5-branes have also been proposed in 
[55]. 
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M-Brane 


World- Volume Multiplet 


Suggested Dual Form 


pp-Wave 


Ai, 8x0 


Ax, 8x0 


2-Brane 


8x0 


8x0 


5-Brane 


A+, 5x0 


A+, 5 x | 


6-Brane (KK Monopole) 


A\, 3x0 


At, 3x0 


9-Brane 


Ax 


Ai 


Table 2 World- Volume Dynamics of M-Branes. 


IIA-Brane 


World- Volume Multiplet 


Suggested Dual Form 


Dirichlet p-Brane 
P=0,2,4,6,8 


A x , (9-p) x 


Ax, (9-p) x 


1-Brane (Fundamental) 


8x0 


8x0 


pp-Wave 


Ax, 8x0 


Ai, 8x0 


5-Brane (Solitonic) 


Aj~, 5x0 


A£, A 4 , 4x0 


5-Brane (KK Monopole) 


Ax, 4x0 


A 4 , A3, 3x0 


9-Brane (Extra) 


Ax 


A 7 


Table 3 World- Volume Dynamics of Type IIA Branes. 


IIB-Brane 


World- Volume Multiplet 


Suggested Dual Form 


Dirichlet p-Brane 
P=l,3,5,7,9 


Ax, (9-p) x 


Ax, (9-p) x 


1-Brane (Fundamental) 


8x0 


8x0 


pp-Wave 


8x0 


8x0 


5-Brane (Solitonic) 


Ax, 4x0 


A 3 , 4 x 


5-Brane (KK Monopole) 


A+, 5 x 


Aj~, 3x0, 2 x A 4 


9-Brane (Extra) 


Ax 


A 7 



Table 4 World- Volume Dynamics of Type IIB Branes. 



In the last section, the possibility that the branes of M-theory could have a 
12-dimensional origin was discussed. If it is indeed the case that there is a 2- 
brane, 6-brane and 10-brane in 12 dimensions which reduce to the M-branes, it is 
interesting to ask whether consistent world-volume dynamics could be attributed 
to them which gives the correct dynamics on dimensional reduction. The 2-brane 
in 12 dimensions should give rise to the 2-brane and pp-wave in 11 dimensions, both 
of which have 8 scalars, and so should itself have 8 scalars; this is one less than 
would have been expected for a standard 2-brane in 12 dimensions. The 6-brane is 
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more problematic. On reduction to M-theory, it should give both the 5 brane with 
a 6-dimensional self-dual tensor multiplet and the 6 brane with a 7-dimensional 
vector multiplet. If the D = 12 signature is (11,1), the 6-brane world-volume has 
signature (6,1) and there is no 7-dimensional multiplet that is equivalent to the 
vector multiplet and reduces to the tensor multiplet. If the D = 12 signature is 
(10,2), the M-theory 6-brane arises from the D = 12 6-brane with world- volume 
signature (6,1), and this should then have a world- volume vector multiplet. The M- 
theory 5-brane arises from the D = 12 6-brane with world- volume signature (5,2), 
and this should be described by a multiplet in (5,2) dimensions that reduces to the 
self-dual tensor multiplet in (5,1) dimensions. In particular, chiral fermions and a 
self-dual tensor must emerge on dimensional reduction, and this could not happen 
if the (5,2) theory was a conventional local theory with 0(5, 2) Lorentz invariance 
and with a standard dimensional reduction. Thus it appears that either the D = 12 
branes cannot have covariant dynamics - it might involve a particular vector, such 
as a fixed null vector - or the reduction to D — 11 must be non-standard. 



9. ALE Branes, ALF Branes and Symmetry Enhancement 

When parallel D-branes of the same type approach one another, the world- 
volume gauge symmetry is enhanced to a non-abelian group with extra massless 
states arising from fundamental strings joining the D-branes. The symmetry en- 
hancement should be true for all values of the coupling, although the interpreta- 
tion can change. The type IIA string becomes 11-dimensional M-theory at strong 
coupling, and D-branes for p = 0,2,4,5,6,8 become, as we have seen, pp-waves, 
2-branes, 5-branes, KK monopoles and 9-branes respectively, which can be thought 
of as M-branes with p = 1,2,5,6,9. The configuration of two j9-D-branes joined 
by fundamental strings, for which the world-volume theory has a U (2) gauge sym- 
metry when the branes coincide, becomes two M-branes joined by a 2-brane in 
D — 11. Indeed, it was shown in [54] (and references therein) that an M-theory 
2-brane can intersect a pp-wave, 2-brane, 5-brane or KK monopole in such a way 
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that breaks 1/2 the supersymmetry and which reduces to a fundamental string 
intersecting a D-brane with p = 0, 2, 4, 6 respectively Then two parallel M-branes 
of the same type (pp-waves, 2-branes, 5-branes, KK monopoles or 9-branes) give 
enhanced symmetry when they come together, giving a non-abelian gauge theory 
or, in the case of 5-branes, a theory of tensionless self-dual strings [56] . As a re- 
sult, in the IIA theory two fundamental strings, two pp-waves, two 5-branes or KK 
monopoles coming together gives enhanced symmetry. For the type IIB theory, 
enhanced symmetry also results from bringing together two fundamental strings, 
two solitonic 5-branes or two (1,0) 9-branes, as these are related by SL(2, Z) dual- 
ity to D-branes, and from bringing together two KK monopoles or two pp-waves, 
as these are related by T-duality to type IIA 5-branes and fundamental strings, 
respectively. We now examine this in more detail for the case of KK monopoles* 

The Gibbons-Hawking gravitational multi-instanton metric [28,57] is 

ds 2 = V(dy + A^dx^f + V-H^faPdn? (9.1) 

where 

s In 

^" 1= ^Eu Z^T\> i^e^pW" 1 (9.2) 

i=l ' * ' 

If e = 1, this is the multi-Taub-NUT space considered earlier with ALF (asymptot- 
ically locally flat) boundary conditions. If e = 0, n can be scaled to 1 and the space 
is a multi-centre generalisation of the Eguchi-Hanson metric with ALE (asymptot- 
ically locally Euclidean) boundary conditions. The case e = 0, s = 1 is flat space, 
while e = 0, s = 2 gives the Eguchi-Hanson instanton. The space M' 0-5 ' 1 x N4 
where N4 is an ALF or ALE instanton is a solution of M-theory (D — 11) or of 
string theory (D = 10) as the gravitational instanton is hyperkahler [29]. 

The multi- Eguchi-Hanson space behaves as R 4 /Z s at large distances, and can 
be used to resolve an A s singularity of an orbifold limit of K3, or blow up the 

* Some of the following was also considered in [60] . 
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orbifold singularity of R 4 /Z s . For example, one orbifold limit of K% is T 4 /Z2 and 
each of the 16 orbifold singularities can be repaired by gluing in an Eguchi-Hanson 
metric. In the limit \x\ — X2I — > 0, the Eguchi-Hanson space becomes R 4 /Z2 
with an orbifold singularity at x\. While the multi-Taub-NUT solution can be 
thought of as a solution with a number of parallel D — 5 G-branes, the multi- 
Eguchi-Hanson space can be viewed as a number of parallel D — 5 G-branes in a 
transverse space which is an orbifold; as a result, not all the branes are independent 
as some are 'mirror images' of others. There is one instanton corresponding to each 
pair {x{, xj}. 

As the y coordinate is periodic, each line segment in the R parameterised by 
x^ is associated with a cylinder in A4, unless the line segment passes through one 
of the points xf at which the size of the y-circle shrinks to zero. In particular, a 
line segment joining xf and Xj corresponds to a 2-sphere and the set of all such 
2-spheres corresponding to all pairs {x{, Xj} forms a basis for the second homology. 
As one approaches a point in moduli space at which | I — > 0, the area of 

the corresponding 2-sphere shrinks to zero and this is associated with symmetry 
enhancement. 

For type IIA string theory compactified on K3, the equivalence with heterotic 
string theory implies the existence of special points in the K% moduli space at which 
the gauge symmetry is enhanced [2]. Indeed, it follows from supersymmetry that 
the mass of certain BPS states tends to zero at these special points [6,8] to give 
the extra massless vector multiplets. At these points the area of certain homology 
2-cycles shrinks to zero to give an orbifold limit of K% and the BPS states in 6 
dimensions arising from 2-branes wrapped around the shrinking 2-cycles become 
massless [4,6,8]. The behaviour of the theory as a particular set of 2-cycles shrinks 
can be studied by looking at the theory on the space R' 0-5 ' 1 x N4 in which the 
K3 is replaced by the appropriate multi- Eguchi-Hanson space [58]; this gives a 
good approximation when the radius of the 2-sphere is small compared to the 
size of the K3. The enhanced gauge symmetry is then associated with parallel 
G-branes becoming coincident, so that homology 2-spheres shrink to zero size and 
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the membranes wrapped around these give rise to massless states on the G-brane 
so that the G-brane world-volume theory becomes a non-abelian gauge theory. 
(The world- volume theory for each G-brane is a D = 6 vector multiplet, as for the 
ALF case.) This is straightforward to check using duality; a T-duality relates the 
solution to a multi-centre solitonic 5-brane solution of type IIB theory (in R 4 /Z s ) 
and SL{2, Z) duality relates this to a configuration of parallel 5-D-branes, and 
there is symmetry enhancement as these become coincident due to strings joining 
the 5-D-branes becoming massless [58]. In the case of the Eguchi-Hanson space 
(s = 2), the instanton shrinks to zero size as the 2-sphere shrinks, so that the 
symmetry enhancement is a gravitational analogue of the symmetry enhancement 
as certain Yang-Mills instantons shrink to zero size [61]. 

There is a similar symmetry enhancement as KK monopole G-branes become 
coincident. This is to be expected from the fact that the 6-D-brane of type IIA 
arises from the KK monopole of M-theory [3]; the symmetry enhancement of the 
world-volume theory as the 6-D-branes become coincident implies the same en- 
hancement as parallel KK monopole G-branes of M-theory become coincident, and 
this in turn implies a similar effect for KK monopoles of the type IIA theory. For 
the 6-D-brane, the extra massless states come from strings joining the approaching 
6-D-branes, while for the KK monopole D — 5 G-branes, these come from mem- 
branes wrapping around the shrinking 2-cycles. The position of each D — 5 G-brane 
corresponds to a point X{ in R 3 and there is a 2-sphere for each pair {x{, xj}. Thus 
when two parallel G-6-branes of M-theory approach one another, the D — 7 U(l) 
vector supermultiplet on each brane combines with the BPS state from membranes 
wrapping the 2-cycle joining them to give a U (2) super- Yang-Mills theory on the 
common 7-dimensional world-volume. This enhancement can be understood in the 
IIA case from duality using the argument of [58] ; the two parallel G-5-branes of the 
IIA theory are T-dual to two parallel solitonic 5-branes of the IIB theory, and these 
are SL(2, Z)-dual to two parallel 5-D-branes, with the usual U(l) x U(l) — > U(2) 
symmetry enhancement on the world-volume. The membrane wrapping the 2-cycle 
is replaced by the string joining the D-branes. 
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Consider now the analogous situation in the IIB string on R^xKsor M 5)1 xJV4. 
In this case, three branes wrapping the 2-cycles gives rise to self-dual strings in 6 
dimensions that become tensionless in the limit in which the 2-cycle shrinks to zero 
area [9]. In particular, the limit in which two parallel G-5-branes become coinci- 
dent, the world- volume theory changes from an abelian self-dual anti-symmetric 
tensor multiplet to a non-abelian generalisation resulting from self-dual strings 
becoming null. This is related by T-duality to the case of 2 parallel 5-branes of 
the IIA theory becoming coincident, which in turn becomes the case of coincident 
5-branes of M-theory at strong coupling; in this latter case, the 3-brane wrapping 
the 2-cycle have been replaced by a membrane ending on the two 5-branes [56] . 
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